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Fig. 1 Traction of delays occurring in 40-useec intervals.

It was at first suspected that the delays might be caused by
discharge processes that limited current, after initiation of the
discharge, to a small value, until some cathode electron emis-
slon process capable of supporting high current had time to
establish itself. Therefore, a 1-meg resistance was placed in
series between the electrodes and the capacitors. Even a
small discharge current would produce an observable de-
crease in electrode voltage because of the voltage drop across
the resistor.. Thus, if the supposition had been correct, the
resistor would have considerably shortened the observed de-
lay in the voltage drop across the electrodes.

However, the results of these tests showed that no signifi-
cant reduction in delay was produced by the resistor. Thus,
the observed delays apparently were caused by statistical
lags in the initiation of the discharges rather than lags in
current buildup after initiation.

To further test this conclusion an auxiliary voltage supply
was connected across the electrodes, so that a d.c. discharge
of a few milliamperes was maintained between them. Under
this condition, statistical lags were eliminated since a dis-
charge was already in existence when the thyratron switch
was fired. As expected, the delays under this condition were
all very short, less than 10 usec, and there was only small
scatter in the recorded values.

The choice of aluminum, a metal commonly used for accel-
erator electrodes, may have reduced statistical lags consider-
ably compared to those that might be found with other
metals. Aluminum forms a thin, highly insulating oxide
layer on its surface, and positive ions can collect on this layer.
The resulting positive charge can produce sufficiently intense
electric fields at the electrode surface to cause some cold
cathode electron emission, and thus provide free electrons.
This phenomenon, the “Malter” or “Paetow” effect (Ref. 3,
p. 113), is familiar in Geiger counter work since electrons thus
emitted sometimes cause spurious counts for several minutes
after a count has been recorded. Therefore, since the inter-
val between successive discharges was 30 sec, electrons emitted
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by this mechanism from oxide patches on the aluminum may
have reduced statistical lags for the discharges following the
initial one in a series. It would be useful to investigate
whether electrodes constructed of metals that do not form
insulating oxide layers, or the use of hydrogen propellant,
which reduces oxides, can produce excessively long time de-
lays in accelerators.

References

! Gooding, T. J., Hayworth, B. R., and Lovberg, R. H., “In-
stabilities in a coaxial plasma gun,” ATAA J. 1, 1289-1292 (1963 ).

2 Duclos, D. P., Aronowitz, L., Fessenden, ¥. P., and Carsten-
sen, P. B., “Diagnostic studies of a pinch plasma accelerator,”
ATAA J. 1, 2505-2513 (1963).

3 Meek, J. M. and Craggs, J. D., Electrical Breakdown of Gases
(Oxford University Press, London, 1953), pp. 111 ff.

Asymptotic Solution of a Toroidal
Shell Subjected to Nonsymmetric
Loads

ALEKSANDER KORNECKI*
Israel Institute of Technology, Haifa, Israel

HE determination of stresses and strains in a thin shell of
revolution subjected to arbitrary loading reduces, ac-
cording to Novozhilov’s theory,® to integration of two differ-
ential equations in two complex stress function U(0) coske
and T4(0) coske.
These equations, when specialized to a circular toroidal
shell, acquire the following form:

G (@> + ak2<sin26 + % 3) T, = B o0 (9
r 1A p p

tA? or

where
O0<a=r/R<1 2)
7-2
9 — 1 — L, T1/2
M=o 1200 — w12 > 1 (3)
p =1+ asin® @
_ sin%Q d ﬁd("')]__@i“z .
Gl ..) = PRT: I:sine 70 P (...)sn0 (5

7:(0) = sin®0(d/dO) [0*(¢n,x cOtO — q1,1)] +
kags z0?sin’0  (6)

q1,:(0) coske ¢2.x(0) sink¢ gn.1(O) cosyp

are the load components in the meridian, circumferential, and
normal directions, respectively, » is Poisson’s ratio, and the
remaining notation is explained in Fig. 1. The harmonic
index k may have an integer value n = 0, 1, 2, . . . for shells
with edges only at © = const, as well as a noninteger one, k =
n(2m/ o), for shells with edges at ¢ = 0and ¢ = ¢ also.

Solutions of Egs. (1) are known for the axisymmetrical
case’ k = 0 and for sinusoidal loading* k¥ = 1 (see Ref. 2
for bibliography).

Moreover, parts of the toroid sufficiently distant from the
top parallel circles, where the inequality

A2 in?0 > 1 (7N
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holds, behave like any “regular’” shell. Equations (1) may
be separated here for arbitrary (not very large) values of &
and the membrane and “edge”’ effects analyzed independently
by the usual asymptotic methods developed for instance in
Refs. 8 and 10.

Those parts of the shell where inequality (7) is not satis-
fied will be referred to as the shallow regions of the toroid.

In the present note an asymptotic method of solution for
Egs. (1) is proposed for the remaining cases, namely for the
shallow regions of the toroid subjected to arbitrary, slowly-
varying loads, excluding the symmetrical and sinusoidal
loads.

We thus confine ourselves to the ranges

—(@/2) <6< 7/2 (8a,)
BP/A 1 (8b)
E>1 (8¢)

In these circumstances, Tgs. (1) cannot be separated.
Eliminating the U function between them, introducing a
new dependent variable

V = (1 + «asin0)T, 9

and disregarding second-order terms, we obtain the basic
differential equation

L(V) = iN?RF(O) (10)
where

L(V) = Ve NEpHY {SI_I;_G v + 30:))89 v+

[a(l —F) _ QSine:IV\( an
P P

1
F©O) = p %)’ + agni’p cosO —

1
a¥(k? — 3 c0s20)¢na ; +E 0 )" — okgey (12)

and the dashes denote differentiation with respect to ©.

The particular integral V* of Eq. (10) may be approxi-
mated from the membrane equation obtained from (10) by
formally setting the thickness-to-radius ratio of the shell as
zero. This corresponds to formally letting A — o« in (10)
and leads to the equation

av* av=
2(1 — z22) I + 8 — 4?) de
alk? — 1) -
l: i + Qx:l V* = (1 4+ ax)RF(z) (13)
where

x = sin® (14)

The solution of Eq. (10) may be represented by the power
series

V*=ay+ a2+ ... (15)

convergent in the range (8a) considered, where the coeffi-
cients a. are to be calculated by means of the usual methods,
after the right-hand side of Eq. (13) has been expanded in
power series in z.

The homogeneous equation

L(Vy) =0 (16)

corresponding to Eq. (10) contains a large parameter A% and a
“transition point”’ at sin® = 0. It belongs to the type of
equations analyzed recently by Langer’ and by Lin and
Rabenstein.”

Employing the theory worked out by the latter authors” and
proceeding in the manner demonstrated by Lin® on the
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Fig.1 Coordinate system and notation.

example of Orr-Sommerfeld’s equation of hydrodynamic
stability, we obtain the general integral of Eq. (16) in the
following form:

Vo — Agu + Avu + (1/iN)(Asti + As) amn

In this formula, u(z) is the known solution? of the equation

W4 Nzt + 30+ Bu) =0 (18)
where
_ 3 reof |sinO] v |8
@=* I:éfo (1 + @ sine> de] (19)
B = ak(k: — 1)2 (20)

and dots denote differentiation with respect to z.

The plus sign preceding the brackets in formula (19) refers
to positive values of sin®, the minus sign refers to negative
©O. The function 2(0, «) and its derivatives are tabulated in
Ref. 2.

The coefficients A; are given by the following formulas:

Ao = —2-|2[V28712{Copi(2) Y512(B2) 2] +
e2()s[2(8) 2]} (21)
=228 Cou(z) Yo [2(82)V2] +
() 2[2(82)12])  (22)

i 2\ dz\ 5
dr =1 [Ao — oA + ¢ (;) (079) ] (23)

Ay = Ay/2 (24)

where the Bessel functions Jy, J3, Y, and Y; of the first and
second kind are to be replaced, respectively, by modified
Bessel function (—1s), I3, K, and K; for negative values of z.

Functions ¢i(x) and ¢»(x) represent the regular and singu-
lar solutions of the homogeneous membrane equation cor-
responding to Eq. (13):

Il

A,

d? d
3l —2) TE 4+ 8 — a) 5F -
[a(lc2 - 1)
14+ azx

They may be represented by power series with constant fac-
tors specified as fcllows:

o@) =14+ (a/3)E — Dz + ... (26)

+ 2x:| ¢ =0 (25

LR R S T

e(2) =
&R — Do) x| (@7)
The constants C:,
Co = (n/2)B2 (for z 2 0) Co = B2 (for 2 < 0)
¢ = —1 29)

are 50 chosen that the coefficients 4, are all regular.



2022 ATAA JOURNAL

Now, in view of Eq. (9), the stress function T becomes
T = (1 + asin®)=2(V* 4+ Vy) 29

All the forces, moments and strain components can be deter-
mined in terms of the stress function T) by means of the
formulas given in Ref. 1.

The power series appearing in the solution converges slowly,
as |sin®| approaches unity. However inequality (7) then
becomes valid and the aforementioned usual asymptotic
methods can be applied. Both solutions must be matched
along lines # const common to two adjacent parts of the shell.
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Flow of Combustion Gases through
a Perforation in a Solid Propellant
Grain

Jorn E. Busa*
United Aircraft Corporation, Sunnyvale, Calif.

Nomenclature

A = duct or perforation cross-sectional area; A, is the duct
wall gurface area; A* is the critical cross-sectional
area (M = 1)

F = frictional term £ [(v/2)K(M,)?

K = geometry factor, Fig. 2

M = Mach number = velocity/(gevRT)V? where g, is
gravitational constant and 7' is static temperature

P = pressure; Py is stagnation pressure

R = mixture gas constant = Rgm,*/ugy; Ro is universal gas
constant; my* is gas phase mass fraction; u, is gas
phase molecular weight

w = mass flow rate; w* £ w/w; »

v = isentropic path exponent that is the ratio of the mixture
specific heats

T = shear stress; r,dA4, is wall drag force, Fig. 1

o L yM3

o(M) = M{[2/(v + DIl + (3%)y — DM?]}-+D/26-D

designated as A*/A in standard gasdynamics table
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Fig. 1 Flow through a perforation in a solid propellant
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grain.
Subscripts
2,7 = boundary condition
0 = value at smallest cross-sectional area at abrupt expan-

sion or contraction, Fig. 2

Introduction

N the design of solid propellant grains for solid rockets, the

flow of combustion products inside perforations in the
grains must be considered. This involves the analysis of a
flowing gas stream with mass being added to it due to the
burning propellant (Fig. 1). This flowing gas stream may
also contain a condensed phase, as aluminum oxide, because
of the burning of a metallized propellant.

A special case of this problem, involving the steady one-
dimensional flow of a perfect gas through a constant cross-
sectional area duct with mass addition along the duet and with
a constant stagnation temperature, has been treated by
several authors.l: 2 Wimpress! has solved for the properties
along the duct using a Mach number dependent variable as
the independent variable in his solution. Wimpress includes
the frictional effects due to sudden expansions which may
occur at the end of a solid propellant grain. Price? has solved
for the properties along the duct using a nondimensional
mass flow rate as the independent variable. As pointed out
by Price, this choice of independent variable is more con-
venient to use than a Mach number dependent variable.

The analysis to follow considers the steady one-dimensional
equilibrium flow of a perfect gas and condensed phase mixture
in a duct whose cross-sectional area varies with length and
whose mass flow rate increases with length. An approximate
solution that lends itself to hand ecalculations is given.
FEddy mixing effects due to abrupt expansions or contractions
are also considered.

Analysis

The following idealizations apply to the system shown in
Fig. 1: 1) the flow is one-dimensional and steady; 2) the
main stream stagnation temperature is constant (the system
is adiabatic and the propellant flame temperature is con-
stant); 3) the mass addition contributes negligible momentum
rate in the axial direction; 4) the wall drag force 7.,d4. is in
the axial direction; 5) the two phases are in equilibrium, and
the mixture properties are constant; and 6) the condensed
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Fig.2 Abrupt changes in perforation cross-sectional area..



